An exhaustive analysis of wave motion in a compressible isothermal medium under the influence of gravity is presented. The dispersion relation governing the wave propagation is derived from the linearized equations of fluid dynamics and thermodynamics, and it is arranged in a nondimensional form. Penetration depths, frequency cutoffs, and particle orbits are calculated under the assumption of an ideal gas. With the nondimensional form of the dispersion relation these data can be expressed in a form independent of the constants describing a particular atmosphere. The results can be eonventiently displayed on a number of diagrams valid for monatomic and diatomic gases. Dissipative effects arising from viscosity and heat conduction are neglected.
Introduction
Internal gravity waves have been discussed previously in some detail in regard to investigating certain phenomena such as the irregular motion in the earth's higher atmosphere 1 , and the heating of the solar corona 2 . These waves are also of considerable significance in geophysics for the internal wave motions within the oceans and the earth's core 3 . LANDAU has considered the problem of internal gravity waves in an incompressible fluid 4 . We also would like to refer to some earlier work in this field 5 . It can be shown that in compressible media under the influence of gravity two modes of wave propagation exist. The purpose of this paper is to give a detailed analysis of these wave modes. Possible mechanisms for the generation of internal gravity waves will not be discussed. We restrict ourselves to waves of infinitesimal amplitude and neglect dissipative effects arising from viscosity and heat conduction.
Fundamental Equations
The fundamental equations necessary to describe the wave motions are:
Euler equation

+ (2.1)
In this equation v is the velocity vector of a particle of the oscillating medium, p is the pressure, Q the density, and g the gravity vector. For convenience we choose g to be along the negative z direction (downward):
2)
where ez is the unit vector in the 2 direction.
Continuity equation:
-|f-+ V ' (e «) = 0 . where s is the specific entropy.
Equation of state: Q = Q(P,8).
(2.5) Thus, we have for the total differential
M&l*+(&).**• < 2 -6 >
We will assume that for the equilibrium conditions the variation of density and pressure, with height is exponential, as is the case for an ideal gas. Thus, we have
Qed = Qoe~z ,h
and pea = p0 e~z /h , (2.7)
where and Po are constants, and h is the so called "scale height".
The Linearized Equations of Motion
We choose our coordinate system in such a way that the wave propagation vector is in the x-z plane and assume all quantities are independent of the y coordinate. Hence, we may put to first order Q = + e'(z,M)]e-2/Ä , P = [PO + p'(x,z,t) ]e-*», (3.1)
S = S + s'(x, z, t) .
The quantities Q ', p', and s', together with the velocity v -v (x, z, t) , are considered to be small quantities of first order.
For equilibrium conditions, consider the Euler equation (2.1) to be of zeroth order:
By combining Eq. (2.7) with (3.2), we have
With the aid of (3.1) and (3.3), there results the linearized Euler equation
With the help of (3.1), and keeping only first order terms, the continuity equation becomes
It is easy to see that the second law of thermodynamics can be written as follows, '/dt, and Eq. (3.9) for öp'/df; substituting dg'/dt of (3.5) and ds'/dt of (3.6) into Eq. (3.9), and then substituting dp'I dt of (3.9) and dp'/dt of (3.5) into Eq. (3.8), we have for the equation of v
Vector Eq. (3.10) represents a set of two linear homogeneous differential equations for the unknowns vx and vz.
Perfect Gas Assumption
It is quite obvious that the case of a perfect gas deserves special consideration for the reason of being a very good approximation in most situations and for its mathematical simplicity.
For a perfect gas under adiabatic compression, we have:
where y = cp/cv is the ratio of the specific heats, at constant pressure and density. For a monatomic gas, one has y = 5/3 = 1.6667, and for a diatomic gas, y = 7/5 = 1. 
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It is expedient to put the velocity of sound in still another form. From the perfect gas assumption we have
where R is the gas constant, and A is the molecular weight. Thus, from Eq. (4.2), we obtain
With Eq. (4.5) and (4.7), the term in the square brackets in Eq. 
Plane Wave Analysis
We expand the solution of Eq. (4.9) into plane waves by putting:
where v is a constant vector. By the substitution of (5.1) into (4.9) and performing the indicated mathematical operations, we obtain the relation
This vector equation represents a set of two linear homogeneous equations for the unknowns vx and vz.
The condition for a solution, the vanishing of the determinant of the coefficients, is the dispersion relation.
« HORIZONTAL Fig. 1 . The coordinate system and the direction of the vector g and k with respect to the horizontal.
The Dispersion Relation
The ex and ez components of Eq. (5.2) are:
Setting the determinant of the coefficients of (6.1) -(6.2) to zero, we have the dispersion relation
which can be brought into the following form:
We know that the quantities p and o, decrease exponentially in the z direction, causing the amplitude of the waves to increase exponentially in this direction. This behavior permits us to remove the imaginary term in the wave vector, k, by merely changing variables. We put (6.14) (6.15)
The dispersion relation according to Eq. (6.13) is drawn in Fig. 2 and 3 for monatomic gases and in Fig. 4 and 5 for diatomic gases. From the diagrams it can be seen that there exists a gap of forbidden frequencies, which will be discussed in detail below.
Penetration Depths
For a particular frequency W, a wave may, in general, be totally, partially, or not at all attenuated, depending on the angle of propagation, 6. The wave number is pure imaginary if the term under the square root in the dispersion relation (6.14) is negative. This may occur in either of two ways.
First, let us assume W > y/2, then the condition for Re (x) = 0, that is, x having an imaginary part only, is given by [W 2 -(y -1) sin 2 0] < 0 .
(7.1)
Under the given condition, W has a minimum value of y/2; thus, the inequality (7.1) becomes sin 2 6 > I y 2 liy -1) > 1.
Clearly the inequality cannot be satisfied for real values of 0. Thus, for values of the frequency greater than yj2, we find that the wave propagation is unattenuated.
Second, let us assume W < y/2, then the condition for Re (x) -0 is given by
From this, we see that we have total attenuation for frequencies W < y/2, if
Then, the penetration depth, 6, may be obtained from Eq. (6.14), under the restriction of the inequality (7.4). We thus have
The penetration depth according to Eq. (7.5) is plotted in Fig. 6 and 7 for monatomic gases and Fig. 8 and 9 for diatomic gases.
On the other hand, it can be shown that for any given real wave number x the frequency W is always real, implying no attenuation in Time.
The existence of an imaginary part of W± is obtained from the dispersion relation (6.13) and is given by + x 2 [i y 2 -4(y -1) sin 2 0] + ^ y 4 } < 0, (7.6) which may be reduced to:
Choosing the maximum of | sin01 = 1, we have the condition, where the constants A and B depend only upon y. f(x) has a minimum at the value ^min ~ \ y • (7.10)
Choosing y either for a monatomic gas or for a diatomic gas, and substituting Eq. (7.10) into the inequality (7.8), we see that the inequality cannot be satisfied, implying that condition (7.7) will not hold for any real value of 6. gases.
There is one other possibility where the minus mode may become fully imaginary. This is when the right-hand-side of Eq. Hence, we may conclude that the W+ and Wmodes are entirely real for all real values of x and 6, and for both diatomic and monatomic gases.
Frequency Cutoffs
From the dispersion relation (6.13) where the frequency, W±, is a function of the wave number x, we note that the domain of W± is limited within the range 0 < x < oo. This implies that there may be an upper and lower limit or "cutoff" for each wave mode.
First, let us consider the W+ mode. This mode has no upper cutoff, because as x goes to infinity, W+ also goes to infinity. However, as x goes to zero, W+ approaches the limiting value of y/2, thus the W+ mode has a lower frequency cutoff equal to y/2.
Second, let us consider the W-mode. This mode has no lower cutoff, because as x goes to zero, W~ also goes to zero. To find W-as x goes to infinity, we make a binomial expansion of the right-handside of Eq. (6.13). Upon expansion, we have -(y -l)sin 2 0 64 x 4 (8.2)
In the limit x -> oo, the cutoff angle is determined by
This is the upper cutoff for the W-mode.
These limits are plotted versus propagation angle 6 in Fig. 10 for monatomic gases and in Fig. 11 for diatomic gases. VQ and Fp are dimensionless quantities in units of the sound velocity a.
Particle Orbits
In this section we consider the orbit of an individual particle in the medium undergoing wave motion. The particle orbits can be obtained from Eq. (5.2) for v, respectively for its two components, the two homogeneous Eqs. (6.1) and (6.2). Putting these two equations into a form with the appropriate angle dependence (6.8), we have We may consider the equilibrium point to be at where the origin without modifying the shape of the particle's path. So, let tq = zq = 0, which yields co 2 (co 2 -a 2 k 2 sin 2 0) 2
Eq. (10.11) then becomes propagating at an arbitrary angle 6, the orientation of the ellipse follows from Eq. (10.17). Because the parameters a, ß, and rj depend on to and k, the orientation of the ellipse in general depends on the frequency, and it is not aligned along the vector k.
Justification for the Isothermal Assumption
The assumption of an isothermal atmosphere, which has been made in this study, requires a few remarks.
First, in many stratifications of the earth's atmosphere, the assumption of an isothermal atmosphere is rather well satisfied 6 , especially in the upper atmosphere above 200 km.
Second, we would like to show that in the more general case of a poly tropic atmosphere, where the pressure p as a function of the density Q can be expressed by
our results can be applied over large regions with sufficient accuracy. In Eq. (11.1), n is called the poly tropic exponent, and it has the value 1 for an isothermal atmosphere. In a constant gravitational field, the functional dependence of pressure and density on z at equilibrium is given by 7 f n-1 oo \n/(»-l) Peq = 2>0 1 "---^7 gA ( 1L2 ) and Peq = Q 0 n n -1 n o0 \«/< n " Po gZ ) 00 \l/(»-l) <72 Po* I (11.
3)
The isothermal case (2.7) can be obtained from these two equations by making the limiting transition to n -> 1 and using the well-known formula e A = lim(l + A\m) m .
m-*oo
We consider the perturbing quantities small compared to the equilibrium quantities, as was done for the isothermal case in section 3. Thus, we obtain in first order and ff = (eo + e-)(l_^i^i7s) l ' < "-"».(il.8) which reduces to Eq. (3.4) for n = 1.
The upper boundary of a poly tropic atmosphere, where the pressure and density are zero, is given by hn = Po (11.7) N -1 QO g ' This boundary is infinite for the isothermal case (» = 1).
If we limit ourselves to regions for which z <^hn, then we can consider for all n. Thus, our results are also valid for a polytropic atmosphere of any n, if they are not applied near the upper boundary of the atmosphere.
Conclusion
We have considered the propagation of small amplitude internal acoustic gravity weaves in a compressible nonviscous and nonheatconducting stratified atmosphere. The dispersion relation has been derived under the assumption that the fluid behaves as an ideal gas. The dispersion relation was formulated in a non-dimensional form which simplifies the analysis for these waves. Graphs in non-dimensional presentation have been compiled. These graphs may be useful for the study of acoustic gravity waves in planetary and stellar atmospheres.
In the important case of the solar corona, the inclusion of effects arising from magnetic fields o o should be taken into account. In our present analysis these effects have been omitted and shall be treated in a later paper.
